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Abstract

Leonard pairs (LP) are matrices with the property of mutual tri-diagonality. We
introduce and study a classical analogue of LP. We show that corresponding
classical ‘Leonard’ dynamical variables satisfy non-linear relations of the AW-
type with respect to Poisson brackets.

PACS numbers: 02.30.Gp, 02.30.—f, 02.10.—v, 02.40.—k, 45.30.+s

1. Introduction

Let F, G, ... be classical dynamical variables (DV) that can be represented as differentiable
functions of the canonical finite-dimensional variables ¢;, p;,i = 1,2, ..., N.
The Poisson brackets (PB) {F, G} are defined as [1]

N

(F.G) =3 273G _ 8F 96 W
T dq; Op;  Opi dq; ’

i=1
In particular, for canonical variables one has standard PB [1]
{qi, pj} = &i; {gi.q;} =1{pi. pj} =0.
The PB satisfies fundamental properties [1].

(i) PB is a linear function in both F and G;
(i1) PB is anti-symmetric {F, G} = —{G, F};
(ii1) PB satisfies the Leibnitz rule {Fy F>, G} = Fi{F>, G} + F>{F, G};
(iv) For any dynamical variables F, G, H PB satisfies the Jacobi identity {F, {G, H}} +
{G,{H, F}}+{H,{F,G}} =0.

Properties (i)—(iv) are trivial consequences of definition (1.1). It is possible, however, to
construct abstract PB starting from the axioms (i)—(iv).

PB are important in classical mechanics because they determine time dynamics: if the
DV H is a Hamiltonian of the system, then for any DV G one has the Poisson equation

G = (G, H}. (1.2)
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In particular, the DV F'is called an integral if it has zero PB with the Hamiltonian {F, H} = 0.
In this case F does not depend on ¢.

In many problems of classical mechanics DV form elegant algebraic structures which are
closed with respect to PB. For example, let H = p?>/2 + U (r) be the Hamiltonian describing
motion of a particle in a central field with the potential U (r) depending only on a distance
r= (ql2 + q22 + q32)1/ ?. In this case the components of the angular momentum M = [r, p]
are integrals: {M;, H} = 0,i = 1,2, 3. The variables M; themselves form a classical Poisson
so(3) algebra:

{M;, M} = €3 M; (1.3)

where €;;; is a standard completely antisymmetric tensor and summation is assumed with
respect to repeated subscript j.

Algebra (1.3) is the simplest example of the so-called linear Poisson structures (or Poisson
Lie algebras): in all such structures the PB of several basic DV are expressed as linear functions
of these DV.

A less trivial example of self-closed Poisson structures provides the Kepler problem with
the potential U (r) = —a/r. In this case (in addition to the standard angular momentum M)
there exists another integral of motion—the so-called Laplace vector A = [M, p] + aq/r. It
is easily verified that the components of the two vectors M and A are closed in frames of the
Poisson algebra [14]

{M;, M;} = € ;s My (M, A} = € Ax {Ai,Aj} = —2He€ My (1.4)

where H is the Hamiltonian of the Kepler problem. In this case the PB of the components
A;, A; is not a linear function of basic integrals M, A. However, one can linearize this
algebra if we fix the value of the energy E = H. This leads again to linear Poisson Lie
algebras so(4), so(3, 1) and e(3) depending on the value of the energy E (for details see [14]).

The Poisson structures with non-linear PB were discussed in [15, 11]. Sklyanin introduced
[15] the so-called quadratic Poisson algebra consisting of four DV Sy, S;, S», S3 such that PB
{S;, Sk} is expressed as a quadratic function of the generators S;. The Sklyanin algebra appears
quite naturally from the theory of algebraic structures related to the Yang—Baxter equation in
mathematical physics. Sklyanin also proposed to study general non-linear Poisson structures.

Assume that there exist N dynamical variables F;,i = 1,2,..., N, such that PB of these
variables are closed in frames of the non-linear relations

{F;, Fx} = ©i(Fy, ..., Fy) i,k=1,2,...,N (1.5)
where ®;;(Fi, ..., Fy) are (non-linear, in general) functions of N variables.

Several interesting examples of such non-linear Poisson structures are described in [11].

In [7] another example of such non-linear Poisson algebra was proposed. This example is
connected with the property of ‘mutual integrability’ and leads to the so-called classical AW
relations, where the abbreviation AW means ‘Askey—Wilson algebra’. Indeed, as was shown in
[17], the operator (i.e. non-commutative) version of AW relations has a natural representation
in terms of generic Askey—Wilson polynomials, introduced in [2] (see also [12]).

The motivation of the present work was the concept of the ‘Leonard pairs’ proposed in
[10, 16]. Two N x N matrices X, Y form a Leonard pair if there exist invertible matrices S and
T such that the matrix S~! X S is diagonal whereas the matrix S~'Y' S is irreducible tri-diagonal
and similarly, the matrix T-YT is diagonal whereas the matrix T-'XT is irreducible tri-
diagonal. We will call such a property ‘mutual tri-diagonality’. Leonard showed [13] that the
eigenvalue problem for a Leonard pair X, Y leads to the g-Racah polynomials (for a definition
see, e.g., [12]).
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Terwilliger showed [10, 16] that a Leonard pair X, Y satisfies a certain algebraic relation
with respect to commutators. In turn, the Terwilliger relations follow from the so-called
relations of the AW algebra studied in [17, 7].

In this paper we study a classical analogue of the ‘Leonard pair’ property. We introduce
classical dynamical variables X and Y satisfying this property and show that X and Y should
satisfy classical Poisson AW relations [7].

2. Algebraic relations for the classical ‘Leonard pair’

In this section, we will assume that all dynamical variables are functions of the two independent
canonical variables ¢, p with the main relation {g, p} = 1. In what follows we will
assume that g, p are complex numbers and all corresponding complex-valued functions
X(q,p), Y(q, p),...are assumed to be analytic (in the usual sense of theory of functions of
several complex variables [6]) in some open domain D of the complex space C2.

We say that DV X (¢, p) and Y (¢, p) are independent if

(X, 7Y)
{(X,Y} = #0 2.1)
d(g, p)
in some open domain D, where %((X D is the Jacobian. Of course, the initial variables ¢, p are

independent. Functions X (g, p), Y (¢, p) define some map from the open domain D in the
complex space (g, p) to the open domain D in the space of complex variables X, Y. As is
well known [6] condition (2.1) means that in the domain D it is possible to introduce inverse
map ¢ = q(X,Y), p = p(X,Y) which is also analytic and maps D to D.

Recall that by canonical transformation (CT) it is assumed an analytical transformation
(g, p) — (x, y) to a pair of new canonical variables x, y. This means that x = x(q, p), y =
v(q, p) are analytic functions in variables ¢, p and moreover

0, y) _
9. p)

Clearly, the new variables x, y are independent.

{x, v} = L. 2.2)

Definition. We say that two independent DV X (q, p) and Y (g, p) form a classical Leonard
pair (CLP) if there exist two canonical transformations (defined in corresponding open
domains of C*) (q, p) — (x,y) and (q.p) — (&, n) (with {x,y} = {&,n} = 1) such
that in variables x, y the DV X, Y take the form

X=0¢x) Y = Ai(x) exp(y) + Az2(x) exp(—y) + A3(x) (2.3)
while in the variables &, n we have
Y =vy(©) X = Bi(§) exp(n) + B2(§) exp(—n) + B3(§) 2.4)

where ¢ (x), A;(x), ¥ (x), B;(x) are some analytical functions.

Let us explain the origin of our definitions (2.3) and (2.4). If one replaces X, Y
with non-commuting operators X, Y then the Leonard duality means that there exists
a representation in which X is diagonal whereas Y is tri-diagonal. Assume that the
operators X, Y are in general infinite dimensional. Then the diagonal representation for
X means that there exists a realization on a space of functions f(x) of a variable x
such that X acts as a multiplication operator X f(x) = ¢(x) f(x) with some prescribed
function ¢(x). Then on the same functional space the tri-diagonal operator ¥ acts as
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l?f(x) = Ai1(x)f(x+h)+ Ay(x) f(x — h) + A3(x) f(x) where & is a complex parameter.
Symbolically, the operator Y can be presented in the form

Y = A (x) exp(ih$) + Ar(x) exp(—ih$) + A3(x) (2.5)

where § = —id, is the canonical momentum operator satisfying the standard commutation
relation [x, $] = 1.

Vice versa, the Leonard pair condition means that there exists a dual representation on
the same functional space such that S$-1y§ f(x)=v(x)f(x)and

S71XS§ = B (x) exp(ih§) + Ba(x) exp(—ih$) + B3 (x) (2.6)

where $ is an operator providing ‘diagonalization’ of the operator Y.
Then it is natural to define CLP by replacing operators x, § with their classical conjugate
canonical variables x, y or &, 1. In other words, we formally replace:

(i) all operators X, Y, ... with commuting classical dynamical variables X, Y, .. ..
(i1) commutators [X, Y] with PB (X, Y) (this is the well-known Dirac procedure of the
correspondence between quantum and classical mechanics [11]).

We thus arrive at our definitions (2.3) and (2.4).

Note that the concept of the Leonard pair is closely related to the so-called bispectrality
problem [5]. We thus arrive also at the classical analogue of the bispectral problem.

Before analysing algebraic relations between X, Y supposed by the property of CLP, let
us find conditions under which variables X, Y are independent. We first calculate Poisson
bracket of the variables X, Y in the representation (2.3):

Z={X,Y}=¢'(0)(A1(x) exp(y) — A2 (x) exp(—Y)). 2.7)

Independence of X, Y means that Z # 0 in some domain D of two complex variables x, y.
Hence in order for variables X, Y to be independent it is necessary that ¢’'(x) # 0 and at
least one of the functions A;(x) and A,(x) is non-zero inside some open domain D, in the
complex plane x. Moreover, we assume that domain D lies apart from complex curve defined
by A1(x) exp(y) — Az(x) exp(—y) = 0.

Analogously, we assume that ¥/'() # 0 and at least one of the functions B; (§) and B, (§)
is non-zero inside some domain D in the complex plane &.

As a byproduct we have that the function ¢ (x) is invertible in the domain D, as well as
the function v () is invertible in the domain Dg.

Now we have obviously

Z7 = (¢ (x)* (Y — A3(x))> — 4A,(x) Ax(x)) . (2.8)

As the function ¢ (x) is invertible in Dy, one can express x = ¢~V (X), where ¢V (x) is a
function inverted with respect to ¢ (x).
Then (2.8) means that Z2 is a quadratic function of Y:

Z2 = Vi(X)Y? + Va(X)Y + V5(X) (2.9)

with some yet unknown (analytic) functions V; (X).
Quite analogously we can calculate Z? using representation (2.4):

Z> = (Y (€)* ((X — B3(§))> —4B1(§) By (£)) . (2.10)
Again, as ¥ (§) is an invertible function, in D¢ we have the relation
72 = Wi(Y)X? + Wo(Y)X + W5(Y) (2.11)

ie. Z?isa quadratic function of X with unknown functions W; (Y).
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Note that relations (2.11), (2.9) are valid in some open domain D of the space of two
complex variables X, Y. Comparing (2.9) and (2.11) we arrive at the functional equation

Vi)Y + Va(X)Y + Va(X) = Wi (X)X + W (Y) X + W3(Y) (2.12)

which should be valid for any values of two independent complex variables X, Y inside the
domain D.

Lemma 1. Functional equation (2.12) is valid only if the functions V;(x), W;(x), i = 1,2, 3,
are polynomials of degree not exceeding 2.

Proof. We use the fact that X, Y are independent variables in the domain D. Choose three
arbitrary non-coinciding values y;, y», y3 of Y belonging to this domain. Then (2.12) can
be considered as a system of three different linear equations for three unknown functions
Vi(x), Va(x), V3(x), where x is an independent variable. The determinant of this system is
non-zero (because yi, y», y3 are distinct) and right-hand sides are polynomials of degree at
most 2. Hence this system has a unique solution yielding V;(x), i = 1, 2, 3, as polynomials
in x of degree at most 2. Due to obvious symmetry between X and ¥ we can equally obtain
that W; (x) are also polynomials in x of degree at most 2. 0

We thus proved that Z? should be a non-zero polynomial in two variables X, ¥ having
degree at most 2 with respect to each variable, i.e.
22 = XY’ + XY + o3 XY? +oauX? + asY? + g XY + o7 X + agY + oo (2.13)

with some parameters «;, i = 1,2, ..., 9.
From (2.13) we can conclude that the Poisson brackets {Z, X} and {Y, Z} are closed in
frames of the classical AW-algebra. Indeed, we have

0={a, X} ={Z* - F(X,Y), X} = ZQ{Z, X} + Fy(X,Y)) (2.14)
where
F(X,Y) = a1 X*Y? + axX?Y + a3 XY? + s X> + asY? + as XY + a7 X + agY (2.15)

and Fy (X, Y) denotes partial derivative with respect to Y.
Note that Z # 0 as X, Y are independent. Hence we can conclude

X.Z} =1 Fy(X,Y) =Y (1 X* + o3 X +as5) + (2 X* + 06X +15) /2. (2.16)
Quite analogously we obtain
(Z,Y} =1 Fx(X,Y) = X (1Y + oY + o) + (3Y > + oY +a7) /2. (2.17)

Thus we get that three dynamical variables X, Y and Z = {X, Y} form Poisson algebra

with relations (2.16) and (2.17). It is easily verified that the Jacobi identity

XAV, ZH+{Z X, Y} +{Y {Z, X}} =0
holds for this algebra. Introduce the dynamical variable

K=27"-F(X,Y) (2.18)
where F (X, Y) is given by (2.15). It is clear from previous considerations that K plays the
role of the Casimir element of our algebra, i.e.

{K,X}={K,Y}={K,Z}=0.

The Poisson algebra with relations (2.16) and (2.17) was introduced in [7] and is called
the classical AW algebra (i.e. Askey—Wilson algebra). As was noted in the introduction,
generic Poisson algebras with non-linear Poisson brackets were considered in [15, 11]. In
the ‘quantum’ case (i.e. when X and Y are operators) the AW relations were considered in
[17,7].
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Remark. If oy = ap = a3 = 0 (i.e. the function F (X, Y) has degree at most 2) then AW
algebra is reduced to a Lie—Poisson algebra:

{Z, X} = —Ole — (Ong +Olg)/2
{Y,Z} = —ouX — (asY +7)/2

(2.19)

which is linear with respect to generators X, Y. The constant terms «g, o7 in rhs of (2.19) can
be avoided by shifts X — X + const, Y — Y + const.

We mention also a remarkable property of the classical AW algebra [7]. Assume that
X is chosen as Hamiltonian: H = X. Then we have Y = {Y, H} = —Z. From (2.13) we
then obtain Y = F(H,Y) + a9 = quadratic in Y. Hence Y (¢) is an elementary function
in the time ¢. This means that Y (t) = G (H) exp(w(H)t) + G2(H) exp(—w(H)t) + G3(H)
or Y(t) = G(H)t*> + Go(H)t + G3(H), where G;(H), w(H) are some functions in the
Hamiltonian H. Due to obvious symmetry between X, Y, the same property holds if one
chooses Y as Hamiltonian: H = Y. In this case X (#) behaves as elementary function in the
time ¢. This property was called ‘mutual integrability’ in [7]. It can be considered as classical
analogues of the property of ‘mutual tri-diagonality’ [16, 10] in the ‘quantum’ case.

We thus have

Proposition 1. If dynamical variables X,Y form CLP then they should satisfy Poisson AW
algebra (2.16), (2.17).

Moreover we have

Proposition 2. Let X (q, p), Y (g, p) denote independent classical dynamical variables and
put Z =1{X, Y}. Then the following are equivalent:

(i) X, Y, Z satisfy algebraic relations (2.17), (2.16);
(ii) {K,X} ={K,Y} =0, where K = Z* — F(X,Y), and where F(X,Y) has expression
(2.15).

Proof. We already showed (ii) — (i). The inverse statement is verified directly using the
Leibnitz rule for Poisson brackets. O

Remark. If {K, X} = {K, Y} = 0 for some dynamical variable K then {K, Z} = 0 as follows
from the Jacobi identity.

3. Representations of the AW relations

In the previous section we showed that AW relations are a necessary condition for two variables
X (g, p), Y(gq, p) to form CLP. In this section we show that this condition is sufficient under
some non-degeneracy restriction upon the parameters «; .

Definition. We say that AW relations (2.17), (2.16) are non-degenerate if at least one of the
three parameters ay, a3, s is non-zero, and at least one of the three parameters oy, oo, Q4
is non-zero. This can be written in a concise form as

lott |7 + oz |* + |3 | #£ 0 loty [ + Joa|* + Joa|* # 0. (3.1

Proposition 3. If two independent variables X (q, p), Y(q, p) satisfy non-degenerate AW
relations (2.17), (2.16), then the variables X, Y form CLP.
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Proof. By proposition 2 relations (2.17), (2.16) for two independent variables X, Y are
equivalent to the existence of a non-zero polynomial F(X,Y) = a; X?Y? + - - + agY in two
variables X, Y such that {K, X} = {K,Y} =0, where K = Z> — F(X, Y).

So, assume that there exist nine parameters «y, . . ., &g such that

Z2 = X2Y? + -+ agY +ay (3.2)

where non-degeneracy conditions (3.1) are fulfilled. Choose a new variable (x', y’) (not
necessarily canonical) such that X = x’. Then Y = ®(x’, y’) with some function ®(x’, y’).
The function ®(x’, y') can be chosen in such a manner that the variable y’ is canonical
conjugate with respect to x’, i.e. {x’, y'} = 1. Indeed, from (3.2) it is sufficient that function
®(x’, y") should satisfy the differential equation:

(', ) = m ()PP, y) + ()P, y) + 7 (x) (3.3)
where
mT(x) = oclxz + 03X + a5 mH(x) = (xez + agx + g m3(x) = ot4x2 + o7x + .

(3.4)

Condition (3.1) means that 77 (x) # 0. Then from (3.3) it follows that

D(x',y) = a1(x") exp(o(x")y") + ar(x") exp(—o (x)y") + ap(x") (3.5)
where

o?(x) = w1 (x) (3.6)
and

ao(x) = —27:1(&)) da) (Dax(x) = 47;22]2(;)) - 28 3.7)

Note that the rational function ap(x) is determined uniquely, while the functions a; (x), a»(x)
are determined only through their product.
Now we can change canonical variables (x’, y') — (x, y) in such a manner that

X' =¢(x) Y =y/¢'(x)
where ¢ (x) is some function and ¢’(x) is its derivative. The fundamental relation {x, y} = 1
is fulfilled automatically. Choose the function ¢ (x) as a solution of the differential equation
¢ (x) = m (P (x) = 1’ (x) + 230 (x) + s (3.8)

(clearly, solution of this equation is elementary and depends on «;, i = 1, 3, 5, see below).
As m(x) # 0, the function ¢ (x) is not a constant. Taking into account o2(x) = m(x) we
have in new variables x, y

X = ¢(x) Y = A1(x) e + Ar(x) e + Ag(x) (3.9)

where A; (x) = a;(¢p(x)),i = 1,2, 3.
But then we return to condition (2.3).
Note that the function ¢ (x) can be easily found from (3.8)

(i) if a; # O then ¢ (x) = C;e® + Coe™®" + C3, where 0* = ay, C3 = —a3/(2a), C32 -
4CCy = as/ay;
(i) ifo; = Oand a3 # Othen ¢(x) = Cix2+Cyx +C3, where C; = a3 /4, C§—4C1C3 = as.
(iii) if @y = a3 = 0 and a5 # 0 then ¢ (x) = ,/asx + C, where C is an arbitrary constant.
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The function Ag(x) is determined uniquely:

m2(¢ (%))

Ap(x) = — (3.10)
2m1(p(x))
while for A;(x) and A,(x) only their product V (x) is determined uniquely
B D)
Vx) = Ai(x)Az(x) = 71671]2@()0) 3.11)
where
D($) = 73 (¢) — 471($)73() (3.12)

is a polynomial in ¢ of degree at most 4.
If D(¢) = 0 then ®(x, y) is

D(x,y) = A(x)e” + Ao(x) or D(x,y) =Ar(x)e™ + Ap(x) (3.13)

where A;(x) and A,(x) are arbitrary analytical functions. The reason that only V(x) is
determined uniquely can easily be explained. Indeed, there exists the obvious canonical
transformation x — x,y — y + f(x), where f(x) is an arbitrary function. Such
transformation preserves the ‘tri-diagonality’ of the variable Y (2.3) but changes the functions
Apa(x): Ay — Ay e/™ and A, > Aje fW, Clearly, the product V(x) = A1(x)Az(x) is
invariant with respect to such canonical transformation.

We can use this freedom to reduce ®(x, y) to a standard form. For example, we can
always choose coordinates in such a way that

D(x,y) =e’ +V(x)e™ + Ap(x) (3.14)
or

@ (x, y) =24/ V(x)cosh(y) + Ao(x) (3.15)
for D(¢) # 0 and

D (x,y) =e"+ Ag(x) (3.16)
for D(¢) = 0.

Note that ¢ (x), Ap(x), V (x) are elementary functions of the argument x.

Using symmetry between X and Y in AW relations we see that there exists a canonical
transformation (g, p) — (&, n) suchthatY = ¥ (&), X = B1(§) e"+ By(§) e+ B3(n) where
¥ (&) satisfies the equation

Y200 = a1y () + e (x) +ay
and functions B;(§),i = 1,2,3, have the expressions similar to (3.7). Hence starting
from AW-relations (2.16), (2.17) we proved that there exist two canonical transformations
(g, p) — (x,y)and (¢, p) — (&, n) with the properties (2.3), (2.4).
We thus proved proposition 3. O

Remark. From our considerations it follows that canonical variables x, y can take all
possible complex values (apart from points where ¢’(x) = 0 and A;(x) = Ay(x) = 0
and points belonging to the curve A;(x)exp(y) — Ax(x) exp(—y) = 0). Inverse functions
x = x(X,Y),y = y(X,Y) are defined uniquely on smaller domains but one can use the
standard technique of Riemannian surfaces to define corresponding analytic functions. The
same is valid for variables &, .

From relations (2.17) and (2.16) we obtain as an obvious consequence the following
relations

X AXAX, Y = {X, 01 X°Y + 03 XY +asY} (3.17)
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and
YAV Y, X = {Y, o1 Y’ X + XY + s X} (3.18)

Relations (3.17) and (3.18) are exact classical analogies of those obtained in [16] to describe
Leonard pairs (in [16] relations PB {, } are replaced with commutators [, ]).

A non-trivial question is: whether relations (3.17) and (3.18) are sufficient to determine
CLP?

The answer is positive for one-dimensional representations of Poisson algebra generated
by (3.17) and (3.18), i.e. when X (¢, p) and Y (g, p) depend only on two canonical variables
q,p-

Indeed, assume that two independent DV X (¢, p), Y (g, p) satisfy relations (3.17), (3.18).
Then it is possible to choose new canonical variables (x, y) such that X = x, ¥ = ®(x, y).
From (3.17) we then obtain the equation upon the function @ (x, y)

D,y (x, y) = (e1x° + o3x +as) Py(x,y)
(®, (x, y) denotes partial derivative with respect to y). This equation has general solution
O (x,y) = Ci(x) "7 + Co(x) e 7™ + C3(x) (3.19)

where C;(x), Ca(x), C3(x) are arbitrary functions of the argument x and o (x) is given by
(3.6). Performing canonical transformations x — ¢(x), y — y/¢'(x) with ¢(x) given by
(3.8) we arrive at the representation (2.3). Due to symmetry between X, Y this means that for
one-dimensional representations the variables X, Y satisfy relations (2.3) and (2.4) and hence

form a classical Leonard pair.
We thus arrive at:

Proposition 4. Assume that X (q, p), Y (q, p) are two independent DV and Z = {X, Y}. Then
the following statements are equivalent:

(i) X(q, p) and Y (q, p) form a CLP;
(ii) X(q, p), Y(q, p) and Z(q, p) satisfy AW relations (2.17), (2.16) with conditions (3.1);
(iii) X(q, p) and Y (q, p) satisfy relations (3.17), (3.18) with the same conditions.

Note that if «; = ap = a3 = 0 then the Terwilliger relations (3.17), (3.18) become
so-called classical Dolan—Grady relations [4, 3]:
(X, X, {X, Y}}} = as{X, Y} (Y, {Y, {Y, X}}} = aulY, X} (3.20)

Itis seen from (2.17) and (2.16) that for one-dimensional representations the classical Dolan—
Grady relations are reduced to some algebra with /inear PB

{(X,Y} =2 {Z, X} = —(asY +a6X/2 +0g/2) {Y,Z} = —(uX +asY /2 +a7/2).
(3.21)

Shifting generators X — X + 1, Y — Y + 3, with appropriately chosen constants 81, 5, we
can get rid of the constants o7, og.

4. Degenerate Leonard pairs

So far, we assumed that the AW algebra was non-degenerate, i.e. at least one of the parameters
o1, o3, o5 (and also «q, op, 0t4) is non-zero.
In this section we consider the degenerate case. Assume that

ap=a3=a5=0 4.1)
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and at least one of the parameters oy, og, &g is non-zero. This means that m(x) = 0 but

ma(x) # 0.
We are seeking representations of the AW relations in new canonical variables x, y such
that X = ¢(x), Y = ®(x, y) such that

P (x) = M (P(x))/2 = (20p*(x) + e (x) + a5) /2. (4.2)

Then for ®(x, y) we have the equation

®2(x, y) =20 (x, y) POLEICN (4.3)
’ ()

The general solution of this equation is

P, y) =Y = (y+ f(0))/2+u) 4.4)
where f(x) is an arbitrary function of x and

m3(¢(x))
=——. 4.5
SN ES) *)

It is possible to put f(x) = 0 by an appropriate trivial canonical transformation x — x, y —
y — f(x). Then we have

Y =y?/2+u(x). (4.6)

That is, in the degenerate case Y can be reduced to the ordinary non-relativistic one-particle
Hamiltonian y?/2 + u(x) with the potential u (x).

If one has 771 (x) = my(x) = 0 but 73(x) # 0 then it is possible to get a representation of
the AW algebra in the form

X=¢x) Y=y+fx) 4.7)
where ¢ (x) satisfies the equation
¢ (x) = m3(p(x)) (4.8)

and f(x) is an arbitrary function. Again it is possible to put f(x) = 0 by the same canonical
transformation. That is, in this case we have that ¥ coincides with the momentum y.

Note that in both cases the function ¢(x) has the expression of the form ¢(x) =
Cie™ + Cre ™ + C3 or ¢p(x) = Cix> + Cox + C3 where at least one of the constants
C1, C, is non-zero.

Definition. We will call a generalized classical Leonard pair (GCLP) a pair of independent
classical dynamical variables X(q, p), Y(q, p) such that there exist two canonical
transformations (g, p) — (x,y) and (q, p) — (&, n) such that in coordinates (x,y) one
has X = ¢(x), and Y is either A;(x)e” + Ax(x)e™ + Az(x) or A;(x)y?> + A>(x)y + Az(x)
with some functions ¢ (x), A;(x),i = 1,2, 3 (in both cases it is assumed that at least one of the
functions Ay (x) or Ay(x) is non-zero). Analogously, in coordinates (&, n) one has Y = (&)
and X is either By (&) e" + By(£) e ™"+ B3(£) or By (£)n? + B2(£)n + B3(§) with some functions
(&), B;(§),i = 1,2,3 (again at least one of the functions By (x) or By(x) is non-zero).

It is easy to show (repeating previous considerations) that if variables X, Y form GCLP
then they satisfy AW relations.
We thus have
Proposition 5. Two statements are equivalent:
(i) variables X (q, p), Y(q, p) form GCLP;
(ii) variables X (q, p), Y (q, p) and Z = {X, Y} satisfy AW relations (2.16), (2.17).

This proposition gives complete characterization of the GCLP.



‘Leonard pairs’ in classical mechanics 5777

We would like to comment on the relation between non-degenerate ¥ = A;(x)e” +
Ax(x) e Y +As(x) and degenerate Y = A (x)y?+A,(x)y+As(x) realizations. By a canonical
transformationx — k~'x, p — «p one can rewrite the non-degenerate realization in the form
Y =A1(x;6)e? + Ay(x; k) 7P + A3(x; k). In the limit k — O we can, in principle, obtain
degenerate realization (if the functions A; (x; k) behave appropriately in this limit).

5. Multidimensional representations

So far, we have restricted ourselves to the one-dimensional representations of corresponding
algebraic relations. It is natural to ask whether multi-dimensional representations can provide
another (more complicated) algebraic structure, which does not coincide with AW relations.
The answer is positive and we show this using the simplest example of the Dolan—
Grady algebra. The generic case of multi-dimensional representations should be considered

separately.
It is well known that the Dolan—Grady relations [4]
[A1, [A1, [A1, Aolll = 16[A4, Ag] [Ao, [Ao, [Ao, A1]]] = 16[ Ao, A1] (5.1

generate an infinite-dimensional linear Onsager algebra [3]:
[An, An] = 4Gy
(Gus Al = 201 — 240 (5.2)
(G, Gn]l =0 n=0, £1,£2,....

In these relations [,] denotes commutator of the operators A,,, G,,. ‘One-dimensional
representations’ of this algebra are equivalent to representations of s/, algebra; however,
there are ‘multi-dimensional’ representations as well which can be presented as a direct sum
of a finite number of irreducible representations of s/, algebra. These representations cannot
be reduced to one-dimensional ones. For details see, e.g., [3].

We consider the classical analogue of this statement. By appropriate scaling of the
variables X, Y we can choose the following classical analogue of the Dolan—Grady relations

Let JP,a = 1,2,3,i = 1,2,..., N, be a set of independent classical s/, Poisson
algebras satisfying relations
{J;”, Jb(k)} — Sit €apc . (5.4)

‘We choose the following realization of the relations (5.3)

N N
X=Y ot +p1" Y=y +8050. (5.5)
i=I i=1
Then it is easily verified that relations (5.3) hold if

o; = cosb; Bi = sin6; Vi = COS ¢; 8; = sin ¢; (5.6)
where ¢; and 6;,i = 1,2, ..., N, are arbitrary parameters. If N = 1 we return to the special
case of the one-dimensional representation of the Dolan—Grady relations. In this case X, Y
and Z themselves satisfy s/, relations as expected. However for N > 1 and arbitrary ¢;, 6;
it is impossible to reduce realization (5.5) to simple s/, relations. This means that classical
Dolan—Grady relations admit multi-dimensional representations which cannot be reduced to
one-dimensional ones. One can expect that a similar situation occurs for the general case of
relations (3.17), (3.18). The classification of algebraic relations admitting non-trivial multi-
dimensional representations is an interesting open problem.
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6. Examples of classical Leonard pairs

In this section we give some explicit examples of GCLP.
Our first example is quite elementary and is based on the classical Lie—Poisson algebra
sl defined by the relations

{No, N+} = &Ny {N_, N;} = 2Ny. (6.1)
The Casimir element of this algebra is
N* =N} — N.N_. (6.2)

We start from a realization of the algebra (6.1) by canonical variables g, p
N_=q*p+2vq Ni.=p No=gp+v (6.3)

with an arbitrary parameter v. In the realization (6.3) the Casimir element takes the value
N? =2
Let us take
X=Ny—v=gp Y = N_+N, =¢q’p+2vq+p. (6.4)

In this case Z = p — ¢?p — 2vq. It is seen that variables X, Y are independent (i.e. Z # 0)

in a whole C? apart from a set of complex points (g, p) belonging to the complex curve

p(1 — g?) =2vq. So it is sufficient to take any open domain D not belonging to this curve.
Hence

7> =Y? —4X* — 8vX.

This means that we have a non-degenerate Leonard pair.

It is easily verified that representation X = x,Y = e’ + (x?> + 2vx)e™” provides a
canonical transformation from the variables g, p to new canonical variables x, y. Similarly,
the representation X = e’ + @ e 7 —v, Y = 2i& provides a canonical transformation
from ¢, p to the canonical variables &, .

It is interesting to note that X, Y are linear functions of the momentum p. On the other
hand, Y is a combination of two exponents exp(£y) from the new momentum y.

Consider now examples of degenerate CLP. The first example is trivial: a pair of canonical
variables X = ¢, Y = p form degenerate CLP. The canonical variables x, y coincide with
q, p and the dual variables are £ = —p, n = q.

The second example of degenerate Leonard pair is the choice: X = ¢, Y = p>+¢>. Note
that Y coincides with the Hamiltonian of the harmonic oscillator [1]. In this example the
variables x, y merely coincide with ¢, p because Y is already a quadratic function of p = y.
Calculating Z> = 4p? = 4(Y — X?) we see that X, Y are independent for all complex values
q, p apart from p = 0. The variable Z satisfies condition (2.13) and hence X, Y indeed form
degenerate CLP. Omitting elementary calculations, we give the dual picture in the coordinates
&, m: X =exp(n) +i§/2exp(—n), ¥ = 2i.

This example can be generalized in the following way.

Let us take

X =¢(x) Y = y?/2+u(x) (6.5)

with some functions ¢ (x) and u(x). Such a choice corresponds to our definition of degenerate
CLP. Note that Y in the form (6.5) coincides with the Hamiltonian of one-dimensional
motion in the potential u(x) [1]. Consider, when X, Y form a Leonard pair. We have
Z ={X, Y} = y¢'(x). On the other hand, from (2.13) we should have

72 = 2% (x) = u X?Y + auX? + a6 XY + a7 X + agY + ao (6.6)
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(clearly o = a3 = a5 = 0 because all terms in (2.13) containing these coefficients have
degree more than 2 with respect to the variable y).

From (6.6) we obtain that in order for X, Y to form GCLP, the following two conditions
are necessary and sufficient:

2¢"(x) = 029’ (x) + a6 (x) + g (6.7)
and
B as$? (x) + a7 (x) + g
ar¢?(X) + e (x) + g
Condition (6.7) is a simple differential equation for the function ¢ (x). Condition (6.8)
then gives possible potentials U (x) admitted by the requirement that X, ¥ form GLP. To within

affine transformations of the variable x — Bix + B, (with real parameters f;, 8,) there are
essentially six types of the admitted potentials:

Ux) = (6.8)

(1) hyperbolic Poschl-Teller potential u(x) = C; tanh® x)+C, tanh 2 (x) + Cs;
(i) modified hyperbolic Poschl-Teller potential u(x) = (C 1 sinh? +C» sinh(x) + C3) /
cosh® (x);
(iii) trigonometric Poschl-Teller potential u(x) = C; tan®(x) + C» tan~2(x) + C3;
(iv) Morse potential u(x) = C; e X +Cre ™ + (3
(v) singular oscillator u(x) = Cix>+Cox7 2+ Cs
(vi) shifted oscillator u(x) = C1x% + Cox + Cj.

In all cases parameters C, C», C3 can take any real values. The potentials of cases
(1)—(iii) correspond to ap # 0 and océ —4apag # 0. The Morse potential (case (iv)) corresponds
to oy # 0 and (xg — 4oy = 0. The singular oscillator potential (case (v)) corresponds to
ar = 0, g # 0. The shifted oscillator potential corresponds to oy = ag = 0, g # 0.

Note that AW-algebra corresponding to the cases (i)—(vi) is reduced to the so-called
Jacobi algebra. For further details concerning this algebra and corresponding potentials (in
both classical and quantum cases) see, e.g., [7].

Finally, consider a simple example of AW algebra connected with the classical s/,(2)
algebra (in [9] we considered an operator version of this example). Recall that this algebra
consists of three generators Ag, A;, A_ and is defined by the relations

{Ag, Ar} = £AL {A_, A,} = 2g sinh(2wAy) (6.9)

where g and w are arbitrary parameters. In the limit @ — 0, ¢ = 1/(2w) we arrive at the
classical s/(2) algebra

{Ag, AL} =FA {A_, A} = 2A,. (6.10)
The algebra s/, (2) has the Casimir element
g = A, A_ — gcoshQwAy)/w. 6.11)

Assume that we have a representation of the classical s/, (2) algebra with fixed value ¢ of the
Casimir element ¢g. Choose the variables

X =(a1As+arA_ +azexp(wAp)) exp(wAyp)

Y = (b1 Ay + brA_ + by exp(—wAg)) exp(—wAy). .12
Using relations (6.9) we have
Z =(X,Y} =20 (aib)A] — axbr A% + (a1b3 €™ + asb; ™) A,

— (a2b3 e”™ +azby e ™) A_) +2g(arby — arby) sinh(2wAy). (6.13)
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Evaluating Z 2 and taking into account relation (6.11) we can verify that relation (2.18) is valid

where

o] = 4 oy =a3 =0 oy = —8bi1brgw o5 = —8ajargw

og = —8a)2(q (a1by + azby) + azbs)

a7 = —8wRwgbbyas + gbz(ai1by + axby)) (6.14)

oy = —8wRwqajarbs + gaz(a1by + axby))

oy = 4(—g2 + qza)z)(a]bg — b1a2)2 +4a)2a§b§

—8gw (b1b2a§ + alazbg) — 8qw2a3b3(a]b2 +azby).
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